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ABSTRACT

Some elementAary solutions of the wave equation are
obtained for electromagnetic waves in an ionized gas. The
solutions demonstrate the importance of conductivity in
controlling absorptioa. Ixoroper computation of conducti-
vity by conventional theory ray lead to order of magnitude
errors in estimating absorption. The theory of A.C. con-
ductivity for a veakly ionized gas is reviewed. It is
shown when and hov the exact theory may be employed in
conventionsl form and without error. The expression for
the conductivity of a weakly ionized mixture of gases is
formulated and analyzed in the low, intermediate and
high pressure regions. Ths conductivity of the mixture
is shown to be reducible to the sum of conductivities
of gases of constant crogs section but complex wave
frequencies. Appropriste tables for the evaluation of

these latter conductivities are being consiructed.
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THE ELECTRICAL CONDUCTIVITY OF WEAKLY IONIZED GASES

I.  INTRODUCTION

Knowledge of the magnitude of absorption of radic weves by rocket exhausts
and plasma sheaths is of vital concern in missile guidance and communication.

The conventional procedure for estimating the attenuation magnitudes is
to compule or "determine" the electron density and "collision frequency" of
the electrons in the gas in question. These parameters are then substituted
into a conventional and over simplified relationship to yield the conductivity
of the medium,

The use of improper methods of determining the electron collision frequenecy
and computing conductivity may, however, lead to order of magnitude errors in
the prediction of signal strength.

This oaper will review the conventional, overly simplified theory of con-
ductivity and then discuss the correct theory. We will see how, in certain
cases, the simple theory may be recuvered from the correct theory. In other
cases the cun+t theory or certain modifications of it must be used.

The content of this paper is as Jollows: The wave equation of a conducting
medium is solved for two elementary cases. The solutions demonstrate how con-
ductivity enters into expressions of absorption of an electromagnetic wave.
The theory of conductivity is then discussed in detail. Exact expressions
for the conductivity of single ccmponent ionized gases and ionized mixtures
of different gases are developed. On the basis of these results, the method

of analysis of certain diagnostic measurements on rocket exhausts {s criticized.



IX. TER WAVE RQUATION AND SOME ELEMENTARY SOLUTTQNS

b Maxwell's Equations

In an ionized gas where we can neglect the polarizability of the

g§3s molecules, Maxwell's equations for A.C. fields take the form

-t -
UxE=-273
c
Vxd=—= E+ hg o E
1)
V:eH=0
V+ E e lnp
Here w 16 2n times the wave frequency and & 1s the conductivity
cf the medium,
2 The Wave Equation
By {he usual menipulations of equations 1), we form the vave
equatior.
2
22 Vi ™ by, >
va+v(éo-é§—+:2-(1-%o’)z-o. 2)

The only cases *reated in ihis paper will be (.) § constant and
2} 8 - V4 = 0, zo tbhat the second term vanishes.

~,  Elementary Solutions of the Wave Equation

¢ Constant
Ve seek a mclution of e¢quation 2) for the case of constant con-
ductivity and of the forz & = Eoe'ikz {c plane ‘rave propagating in the
z-direction). When the propagation constant, k, !s set equal to a - 18,



then the values of & and B consistent with 2) is given by:

£oae > ¥
| &N has

i
<

- A f "1(6 o o
- [‘1* el (G era e )%':17j2 :
: (1 + ———i'-)2 J

w

L BA

Here ?\ is the wavelength (in vacuum) of the wave, 6 r und 6 4 are the
real anG imaginary parts of the conductivity and the cholce of the + or
- sign determines whether the equation refers to ¢ or B respectively.
The absorption or attenuating factor is given by 8 and the phase factor
by . Thus: E = Eoe-mZ e P2,

When the following inequality is satisfied:

2”‘6!' 1

w hx
(1 + 1

<1,

)

W
Then, we obtain the important approximations:

lmcl)i.

w

an =2n(i+

lmc'r

) 1
w hng
\/l + '-—Lm

BA ==x(

The attenuation factor B8, from 6), now varies as § .

>, & Spatially Dependent, but E - VG = ©O

16(z)

We now seek a solution of 2) of the form £ w A(z) e vhere
O = & (z). (Compare with the Elkonal solution in, for example reference

(2)).



The difterenils) equations satisfied by A and § are

S

|-
o/
(]

onN

1 bzA u)2
We impose the requirement that I == (equivalent to demanding
c

dzt

tne amplitude of th2 wave not change significantly in a distance of one wave-

length). Then:

z <
r 4nG,(2")
2o

Then ccmbining 8} and 9), we obtain
z
IZ“ (z } dz*
L S 24

(o}

]
A = * 7,;' 6-1(2'0)
Ay 11+ 'E“ Gi(z)

Vagn — h" 6 < <1, then { can be written as:

-
-

-i[k(z')dz'
E«E ¢ %o
)

vhere k = a(z) - 1p(z) and a and B are given by 5) and 6)., Ju this fomm,
again, the absorption at each point varies as ()’r.

) It is then seen that Lf crrors are made in the computation of
& v then extremnly large e:.ors can be mds in E through equatica 11).
For example: suppoce £ dz = 3 and en error of 33 1/3% bas becn made

20
in the compnriation of d'x_. Then | B dz can range froa b to 2. Thus,

o]

7)

9)

10)

n)



LS ]

i 2
% can range 1. magnitude from - e to E” = Eg e's; & variation of

about S0 in power.

III. CONDUCTIVITY THEORY
A. General Remarks
The electrical conductivity, ¢ , of any medium is defined by the
equation
-J‘ = G_'E; ’
where 3 is the currenuv density, S 15 the conductivity (a scalar or tensor
quantity) andE is the electric Cield vector. We may also describe Ias

due to transport of charge, thus
DY e, Vi/ A
i

where ey and 71 are the charge and velocity, respectively, of the it

charged particle and the summation is taken over all particles found in

h

the infinitesimal volume element Ot at which 319 to be determined.
In general, there are only a few species of particles (e.g., electrozns,
molecular ions) in the medium acting as charge carriers. We may thus
rewrite equaticn 12) in the following form:

J-[Enkekvk

wnere n is the particle density of the kth species, ck is the charge
= th =

carried and Yy is the average velocity of the k™ species. If vy is a

linear function of E then O can be described in ternms of ek, nx and

other quantities through equations 11) and 13).

12)

13}

1h)




We now conrider a particular type of medium, that is a weakly ionized
gas. By "weakly ionized" we mean thatf the only important disturbancec the
charged particles encounter other than that due to an externally imposed *ield,
are those due to collisions with neutral gas pe.rticles.*

The charge carriers in tl.'s medium are positively and negatively
charged molecules and free electrons. As shall be seen presently, '17){ a(l/mk).
The current density in a gas containing free electrons will therefore be
descrived mainly by the electron charge transport in the gas since molecular
ions of the same concentration will contribute ~ 1/40,000 of this current
density (assuming molecular weight of 20).

Mobility experiments in Bunsen burner flames have demonstrated thav
most of the current density there is indeed due to free electrons.(3) We
shali assume that the same may be said about rocket flames. The denial of
this assumption w.nmld result in an impossible degree of ionization required
to expliain the electromagnetic behavior of real rocket flames,

We will write J, therefore, as

<

Jane 15)
where n is the electron density, e is the electronic charge wd$ the avarage

electron velocity.

B. Conventional Lonductivity Theory

Let us proceed, as is usually done, to assume & simple dependence
of v on E and M , the collision frequency btetween olectrons and neutral
particles. We do this to demonstrate hov & functional form may be obtained

for § and also because we need the resulting forn for subsequent considerations.
* Az a rough rule, a gas is weakly ionized when the mole fraction of electrons
is less than 10 ',

-6 -



~
We assum> that v satisfies the following dynamic equation of motion

~

- ~ -
ov + mYV = °E ot 16)
vhich is the same equation that describes the motion of a body undergoing
forced oscillation in & viscous medium.
The steady state solution of equetion 15) is
5 . ﬁo ehnt
Yn ey )
the real part of which is
~ - ! \
v =2 E [ Yoo cos wt + ————sinwt | . 18)
r m o} 2 2 2 3
o +Y @ +Y

The conductivity .s obtained from equations 17), 15), and 12,,

0,___ne2 1

- m . 19)
This conductivity formula is only 2+ valid as equation 15) is
valid. The validity of equation 15) decpends upon a very particular
assumption made as to the nature of the interaction (collisions) between
electrons and neutral particles. This ajsumption will be discussed later.
To find the consequences of a general type of interaction requires & more
exact conductivity theory.

C. The Correct Zneory

The theory of conductivity for the case of free electrons under-
going elastic collieions with neutral particles hus been established by
Margenau. (k)

We write ¥, in this theory, in the form suggested by 17)



-

ek
;—x‘;"-(scosm . D sin wt)

=
v

2
and B and D are defined bclow and € = ’-‘i- (B - 1D).

¥*
B and D (for the wesk field case only) has the form:

o] 2
3/e vhe-av av
im +Y

8 4
B'iD=3 B(“)

where B = m/(2kT), k being the Boltzmann constant and T the texmperature of
the gas. Also, Y is now the collision frequency for electrons of a given
velocity, v, with the neutral moleculcz. This collision frequency will be

represented as

Y(v) = ; Py Qi(v)v,
vwhere Py is the numerical particle density of the 18 molecular species,
Qi(v) is the elastic cross section for momentum transfer, a measure of
collision probability between the electron and an ith species molecule
end is, in general, a function of electron velocity, v.

It bas been shown by Altshuler (5), (6) that inelastic cross
sections play the same role in condurtivity theory as elastic opes pro-
vided the energy changes on collision are small relative to the energy of
the electron. Thus, the Qi' 8 could represent inelastic as well as elastic
cross sections when needed. However, in energy reglons we are interestsd
in, < % eV, the inelastic cross sections are considerably smaller than

elastic,(7)

# {.e., the ensrgy gained by an electron from the field during & mean free
tims 18 less than the erxergy loet upon collision.

20"

2)

22)



We shell now develop expressions for conductivity obtained by

using realistic cross sections Qi(v).

D Conductivity of Some Gases Having Cross Sections with Simple
Dependence on Electron Velocity

We now determine the functional forms of the conductivity when
electrons are colliding with & single species of gas molecule and the
cross section has the particularly simple dependence on velocity, § = cv‘j.
Here ¢ 1s & constant and J is an integer.

1.) = =1

The first gas we treat as one where Qv = ¢ (a Maxwellica

gas(8)). Then equation 21) can be integrated very readily and we obtain

B—iD:——l-——, 23)

i+
yielding the same expression for conductivity as in 19). Here ?) , the
average collision frequency is given by pQv.
2.) J an _Integer

The electron momentum-transfer cross sections for wmany gases
have oeen experimentally determined. The cross section for several in the
temperature runge between .04 ev and 1 ev may be represented by Q = cv"
vhere J 18 au integer (9), and ¢ a constant whose value depends on the
molecular species. For example, j = 1, describes Nitrogen; J = 0, Heliunm,
J = -2, 1O, rm3, HCL (molecules vith permanent dipole moments {i¢) ).
Also, § = -1 appears %o represent the cross section of CO, (11). Table I

presents some valves of cross sections for scme typical gases found in

rocket exhausts,



TABLE 1

Momentum transfer cross sections of elec*rons impecting on several

molecwlar speciles.

(v 1s velocity of electrons)

Specles

Reference

co

CO2

320
HCL

NHy

”2

Nl

Cross Section (c.g.s.)
Q =2.08 x 1023 v + 2,64 x 2076
o =bgx100
w’= 5.9
Qvea 1.35
ofs 3.7

Q=3.29x1023 ¢

Q=1.55x1023y48.9x10
16

16

Q=8x10-

(11)
(1)
(20)
(20),(13)
(30)
(24)
(15)"
(16)

288% <T < 1200°K
300% <T s 10%%

50 <T < 5000%

# Straight line approximation

- 10 -




The integrals ariaing from 21) upon employing the relationship
Q= cv‘j can he reduced to tabulated functions for all of the values of }

mentioned shove, We demonstrate this for J = O.

For § O
W 2
8x 8 3/2 e gy
B-1D =3 (%) o + o0 ’ 2k)
o]

vhere now Q is a constant. Upon using the transformation sz = ¢, fc obtain

- ® -
s .ip. b B fﬁffe b o8 f %_s_f_ie_
3‘/7{ DQ M-}- G% 3‘!’? pQ (V] Q—QZ. + €
] 2
pQ
25)
m -
Ty /2 ¢ g |
= £ |-
o -—22,5 +e
pQ

Both of these integrals in 25) may be found tabulated in reference (12).
(c.f. the functions fdp(x) in this reference, with p = I and p = 3.5.)
These integrals moy be further reduced (9) to the form:

)

B -1D = lix [l-x-xzein(-x)]
Iy w
26)
[‘ - -
s g0 Fea 20 - ()
3\[;&
,mz

whére x « —o=p
aye’



DA

= -"-‘i s, e average collision frequency,

R
w -’
B (- = ( €.— 4t (the exponential integral),
v

X

2
#iz) =f—_~. f exp(~t2)dt (the error integral).
x ‘o

The average collision frequency, Y , 18 rigorously defined as follows:

Vo= [ oRvicy, wrere f is the normalized velocity distiibution function
J

{zssumcd Maxwell-Roltzmann) and integration is overall of velocity space.

Transformtion of the Correst Conductivily Theory 4o the
Conventional Forms

The expressions 23) and 26), ere obviously not equivalent and

There is a way, however, of correctiy conpating conductivity
asing the useful form of 23) but with some mincr modifications. )

We proceed &s follows: Since 23), as it ctands, is incorrect
for } £ -1, we try, for thece J's) to force the correct expression of

conduc tivily into the following form.

(,ﬁ .
m iw+g ’

where g 18 to be determined by equating 27) to

5;55-(9-11)) ,

gud I and D are obtained frea 21).

Now 27) and 28} are compatible ¢nly when either

1) Bl»-—Z-L-E MdDa—S‘—’

-12 -
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il) 3z is complex, that is g = 8. * igi and

B/(8° + D°)

gr =
29)
g = n/(B2 + Dz) -w .
i) is true only ror a Maxwellian gas (i.e., J = =1), For this
case, g = ’{’ , the average collision frequency, and g = 0.
ii) helds for all other cases.
Thus, in general
- ne2 & ne® (81 + o)
Spofe —— o Gy e %)
(@ +g)" +g. +g)" +8g,

When & static magnetic field is present § becomes a tensor, The components
of this tensor are very similar to 30). A full discussion of this case may
be found in reference (9).

As we have seen, B and D can have some very complicated forms
(:f. 26). Therefore, no apparent simplification arises from a description
of cunductivity in the manner of 30) unlens possibly for certain conditions
vhere g is essentinlly real. Nov equation 30) can be considered to arise
from 2 differential equation as in 16) dbut with V replaced by g. This
latter equation and its resultant solution have intuitively satisfying
forms. The desire to retain these forms motivates us to look for con-
ditions under vhich g; my be neglected, Further motivation is provided
by the fact of the existence of a tremendous amount of analysis based on
16), slready in the literature (e.g., the Appleton-Hartree formula).

Under conditions where g wy be neglected, the propagation forruulae in

-13 -



literature may be crrrected by the formal substitution of g, for VvV ,
wherever ) appears More generally- in the literature, the expressions
for conductivity may be rectified by formelly replacing w by w + 84 and
V by 8.

An inspectior ~f the asyaptotic forms of B and D for the various
J’s discussed above, reveals that g, my be neglected under the following

limiting coanditions:

~

%<< 1, the lov-prossure case;

o

-}>> 1, the high-pressure case.

The limiting forms of g  ond g for these two cases’ have been evaluated (9)
and are presented in Table TIT.

It is to be observed that 8. in the lov-pressure limit 45 a simple
nultiple of Y/3, and & 18 of the ordey ’{)a/m2 with respect to w. There-
fore, it is reascuable to ignore 8 in equation 31) for 5‘2— <l. &
other hand, 8 in the high-pressure limit, especially for ulr, may be :
the esame order as w and cannot be dropped unless o itself can be nr.. .scved.

Note that according to the last column of the table, &, is
temperature 2snendent.

We can already ree the mgnitudes of the errorc ons ¢i. mke in

the incorrect. formulation of conductivity. For exampls, in the lovw-presaure

o~

% Values of &, and & vs g’- for air at all pressures have recently been
published and are available in reference (13).

-1b -
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TABLE II

Evaluation of 8, and g, for the low- and high-pressure cases

rCross Section Dependence %’)—- <<} -:1-’;—>>l Form of Avesrage %
and Molecular Species Collision Frequency
&y & & & 9
~2
4 al 25 B > J.R ek
» constant, air, nitrogea 3\) S by | Y= v m
Q constant, helium 4~ ] ~ , %
(rossibly hydrogen) 3 o8 /oo 0.180 | 3 = 2p(2kT/m)
-~ -~
Qv constant, Maxwellian y 3 -
gas (possibly COZ) 0 y 0 V= ooy
2
Qv constant, Hzo; NH3,
HCl, HF; molecules with 2 2 3%\_) ~ 2, m 2}
permaneui electric dipole 31) 0.079 ¥/ 1 0.Mw | V= 20" pl55)

moements.

!
i

* Y 1o rigorously defined as follows: v = f pQ(v)vfdr, where p is the neutral

particle density, Q(v) is the cross section with its correct functional depen-

dence or. v, f is the ncrmalized distribution (assumed Maxwell-Bultzmann) and

integration is over velocity space.

- 15 -
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limit for weakly .onized air, the use of equation 19} to predict absorption
instead of 28), would resuli in errors (in db) of 6T% !

.  Conductiv.ity of Some Gases with Cross_Section'. Expressible as
Polynomials in v and Also Condiictivity of Mixtures of Gases

1 CC, Carbon Monoxide

Let us first consider the conductivity of weakly ionized
CO The cross section for CO may Le expressed as @ = & + bv ((11) and

Table I)., where a and b are constants. Then,

I 2
- 0 h ‘ﬁv
8r e v a
¢=5pd e &, 32)
o 1w + pav + pbv

which, by thc method of partial fractions, may te expressed as:

- 8n @Y% ne? 1 [ ey ( He ]
6 - = B(=) ——— — I 33)
3 " m"b.z ‘ "2 Jo 2 J
o Mo oa ga” lo o a jo  iw
L& ob ES\/,kz ob ?r.*\.‘? Y
40 b

How let us mike the following formel identification:

l o "2 [e's) l - 2
= [ Sumaumnl -
ot Mo °e°_-b_‘!i.29,obv J‘U i+ pby
v ev 2 TR e
i
where L, - %- - pb \[—5 - -%’- and n' » —-B—— | With refercnce to 2k)
e P K
W e

expression 3k) pay now be identified ac the A.C. conductivity of & gas of
constant crosa section, b, at a wave frequency .PL , but here .ﬂ. is com-

plex and vith an electron density n', also complex. Thus, the solution

- 16 -



26) is also .-lid for 3L) but now w 1s tormally replaced by N , and
< by .

The second integral of 33) 1is, as the first integral,
identified as the A.C. conductivity of a gas of constant cross section
for a wave frequency of |)' where i N s é% + iig - gs

‘Inus, the conductivity of weakly ionized carbon monoxide
may be represented as the difference of the ccnductivilies of & gas of
constant cross section evaluated at two different complex wave {requencies.

The evalustion of 32) is best done. at present, by numerical
methods. Tables of values of integrals of the forn of the right hand of
34), for complex 1L are being prepared at Space Technology Laboratories
and will be available shortly. The integrel of 34) may also be evaluated
albeit tediously, with eristing tables. In 26), since x is complex, error
functions and exponential integrals of complex a..gument must be evaluated.
Tables of such functiong do exist The tablesof error functiornsof complex
argument (Fried and Conte {17)) 1o readily aveilable. However, the ouly
tables of exronentinl integrals of complex argument known to me (Mashiko

(18)) is difficult to obtain.

N A Mixture of Gases

et us suppose that the cross scection for each gas in a

mixture zay be represented by a polynomial in v, Pl(v) {vhere

1)1
Yx(v) = z: quJ). Then the conductivity of a w=eaikly ionized mixture 1s:
y=0
o) 2
- L By
82 .8 3/2 ncz v e dv .
(S' 39(‘;) i j 15)

o 1w+ v ZPl(v)pi
1

-17 -



a The Low-Fressure Limit

In the low-pressure limit (i.e., u>>>v>1-.l>i(v)¢:.1 for

important v) then 35) becomes,

(L B )

¥
s Ea® e

2
>
(2] Y

2
© b gv© .
3/2 2 ve,(v)p.ve

Rut gﬂ B(%) ne j i 12

m
(o] w

of the conductivity of a low-pressure weakly lonized gas where the electi~ns

collide with only the 1t'h species of molecwule. Thus, we arrive at the

following result: In the low-pressure limit, the real part of the con-

o ———— — —— —

real conductivities of each weakly ionized species of gas.

b. The High.Presaure Limit - L\— ;:iPi(v)v
i
In the high-pre¢ .ure iimit,

ey -l + Z P (v)p,v
5%—6(&)3/2 m—;rz f R [ rt ! ]dv ,
X ° ( ? 2P, (v)v)?

and the conductivity 18 no lunger siuply related to the individual con-
ductivities of the componert gas. Hovever, as for the case of carbon

nmonoxide, we can shovw that 6 , in the high pressure and intermediate
pressure reglons, is the sum of the conductivities of a gas of constant
cross section evaluated at n different complex wave frequencics. This

proof followvs.

u-ﬁvdv.

is the real part

36)

3"



e (S in General

when @ < ‘% pil’i(v)v, then we proceed as follows:

ZpiPi(V)V = P(v) a polynomial cf degree n. Then,

2
S0 ~AY
L 8x 5(Q)3/z ne’ vt ay 38)
T3 P ) J i + p(v) :
()
*
Now iw + P(v) = U has n different complex roots, €2 Cpr Cgeers Cpe Thus,
by the method of partial fractions:
2 [° 2 n a
‘(- h b
O’=§3£ﬁ(g)“%' j Ve-{3 dv Z :’:‘j;" . 39)
i o =1 J

Thus, we arrive at the following generul statement: The conductivity of &

conductivities of gases of constun. .ross secrtion but evaluaied ut various

complex wave frequencies, .’ﬁi' and complex electron densities nn’.
Thus, if the individual cross sections pertaining to each
molecular species are known, the conduciivity ray be cvaluated by ). If

the proper tabies are available (3 may be obtained throwg: cquation 39).

IN.  DIAGHOLYICS EXPERDMEKRTS

Cccasionally for some fonized gesee there is sufficient uncertainty
in inovledge of cross sections und compesition to necessitate the measure-
zent of collision frequency as well as clectron density. A common proce-
dure, in the case of rocket exhausts, is to determine the absorption of
niciovuves of several freguencies due to the exhaus-. The varfaticn of
absorption with Irequency is then analyzed for a “collision freguency” and

cicctron density. We nov exanmine this procedure and discuss tome pitfulls.

Hsde Ww ¢+ P(v) =nd ite derivative with respect to v have no coamon
factor *nen all the roots are different. See H. B. Fine, A Coulege
Algebin (Ginn and Co. 120h, p. M3, 169).
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The absorptio» per unit length of exhaust is given by  of equaiion 8).
bng

Now suppose, as is often the case that - m

<< 1, and also, as is not
often the cese, that the exhaust gas is composed of Maxwellian molecules

(i.e.,Qv = constant). Then according to 23) and 6),

1 m“2<:|
{w° +9°)

where u.\pz = by x_%_‘ , the square cf the plasma frequency, /\‘3 the average
collision frequencies and w = 2xaf.

When B displays significant frequency dependence, then two measurements
of attenuation per unit length (say By and 52) at two different frequencies

(ml and wZ) allow for the determination of both V and wpz. For example:

- u>2+\)2

1 1

I T S, 41)
8 2 ~2

2 w2 4

and Y maybe dctermined and then mpz.

We nov remind ourselves that the gases in rocket exhausts are not
Maxwellian gasee. What does this imply for u procedure such as 41)? For
this case, we have shown (cf. equation 30)) that for certain pure gases

that the nearest equivalent to hl) is:

2 2
5_1=(‘”_1“311) * B

k2)
B T 2
2wy + 312) 8rp

and 8y and 8,, are functions :)? and g, and 8, or¢ also functions of

) .
3,_ , vhers )/ 18 the rigorously defined average collision frequency.
2
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Equaticn 42) can be solved for ) since all the g’s are functionally

related. However, I feel in this case, it is much better to solve for

~

v directly from the general formulation of 5’; than to go the round
about way of the g’s. 1In the example of 42), if the gas were solely of
constant cross sectlon than from 26)

X
: o
CnenTe )] 43)
) /

X
[1 - X, - x22 e’ El(-xz)!

o

hey

2
B2

2 -~
where x = —5 . Thus, Y can be sclved in terms of the experimentally
LY} 31
determined ratio ==

By
It one persists in solviig equstions of the form 1), then the

magnitude of the " y " that is oh'aines will depend on the frequencies

1 and mz and will not represent un invariant characteristic of the

exhaust gases.

w.

Another pitfall in the use of #)) is that the temperature dependence

of V 1is likely to be ignored. 1Iv the true Y is to be used to compute
conductivities in ~n expanding ges, he temperature as well as the density
of the gus must be considered. 1In n'trogen, for example, (Table II) the
collision frequency varies as the preasure.

An additional possidble error fe. Hz iz thut e, is g at high-
piressures and %-{3 at low-pressures. Thus, the effective collision fre-

quency (four conducuivity) of N, hss ¢ more complicated dependence than

2
3imply as the pressure.



Rocket exhaust sases are generally composed of several molecular
species, OSometimes the cross section of one species 1.5 80 'much higher
than the others that the electron colllsions may be considered to be
effectively only with that species. This is the case for lox-elcohol
and lox RP1 where the dominant species in the exhaust is }{20. With
solld propellant exhausts there does not s2em to be one dominant species.
Under the latter circumstances it becomes very difficult to interpret
multifvequency absorption measurements in the rigorous theory 35). The
purnose of these measurements should theu be to determine the weighted
(by mcie fraction) cross sections of each of the constituents of the
exhaust as well as the electron density. If there are n parameters
describing the weighted cross sections then n + 1 experiments would
have to be done on the exhaust to enable invarsion of 35) for the
important parameters (including electron density).

I believe the following procedure is more satisfactory than hl)
wvhen making measurements on & mixture:

(1.) Assume the cross sections are known (as in Table I for example.)

(2.) Acoume the composition 1s known from thermodynamic considsrations,

(3.) Compute the A.C. cunductivity frem 38) or 39).

{(4.) Compare abscrption measurements at two different frequencies for
consistency.

(5.) 1If inconsisient, adjust tho veighted cross section of the species
known least reliably until)consistency 18 achieved.

(6.) FPerform a third measurexent at a third frequency and check for

consistency in the predicted attenuations.

-22 -



(7.) If there 1s still no consistency, adjust the weighted cross
sections of the two species known least reliably until con-

sistency among all three measurements is obtained.

V. SUMMARY

It has been demonstrated that errors in the devermination of the
conductivity of a weakly lonized gas may lead to errors of many orders
of vagnitude in absorption., One type of error, which can be avoideid,
is the incorrect formulation of the exprescsion for conductivity. As
demonstrated in this paper, 1mccurat; formulation may produce substantial
errors, even as large as 6Th, in conductivity, This inaccurscy may be
catastrophic, particularly under conditions of heavy absorption.

The exact theory of conductivity may be employed very simply under
conditions of low-pressure for all molecular species and at high-pressures

J

for those molecules whose cross sections obey the simple law QvY = constant.
The conductivity of a weakly ionized mixture of gases has also been
analyzed. At low pressures the real part of the conductivity is equal to
the sum of the partial conductivities, treating each speciles as a separate
ionized gas. When the cross sectiol}1 11‘01‘ each species my be written as a
polynomial in velocity (i.c., Q = ’)_;) a JVJ) then, for any pressure, the
conductivity of the mixtwre has oeer; shown to be the sum of the conduc~
tivities of gases of constant cross section,each one evaluated at a
different complex wave freguency. Tables of the appropriate functiors

to evaluate such partial conductivities are now being progared at Cpaee

Technology Laboratories.



Finally, caution is urged upon those who are performing diagnostic
experimants on exhausts and plasma sheaths to analyze their deta with

care and consistency, using the correct expressions for conductivity.
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